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Abstract: We present a numerical treatment of a generalized two-dimensional Stefan problem which models the 
solidification or melting of a solid in a melt. The irregular domain is transformed into a rectangular domain by a 
coordinate transformation, and the resulting parabolic equations are discretized using fourth-order difference for- 
mulae. The free surface and field equations are solved using Crank-Nicolson procedures. 
The results are found to be in good agreement with the linear perturbation analysis of Chadam and Ortoleva 
(1983). Additionally, an improvement in the estimate of Baillon et al. (1984) for breakdown time in the one-dimen- 
sional problem and corroborating numerical results are presented. 
Keywords: Stefan problem, breakdown, numerical. 
1. Introduction 
Chadam and Ortoleva [l] have formulated a generalized Stefan problem that models the 
development (solidification or melting) of a solid in a melt and have performed a linear 
perturbation analysis to determine the shape (or “morphological”) stability of the solid/melt 
interface. Their results predict that planar melting is linearly stable with respect to a small shape 
perturbation with or without surface tension while planar solidification is linearly unstable 
without surface tension and is completely stabilized with its inclusion. (As will be seen “surface 
tension” here is related to the dependence of the interfacial concentration on curvature and not 
to fluid pressures.) 
In this paper we present a numerical treatment of the problem so that the nonlinear effects 
can be included. The numerical results are in good agreement with the conclusions of Chadam 
and Ortoleva. Their prediction that for small values of a particular parameter product a 
disturbance may initially grow before eventually decaying could not be confirmed for all the 
cases run due to limitations imposed by the computing cost. 
We also apply the numerical procedure to the one-dimensional problem and show that it can 
be used to estimate the breakdown time for KU, > 1. An improvement of the estimate of Baillon 
et al. [2] has been derived. 
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2. The model of Chadam and Ortoleva 
The model of Chadam and Ortoleva may be thought of as a simplified version of a solid 
composed of a pure substance developing in a melt which may be considered to be made up of a 
solute consisting of the pure substance dissolved in a (pure) solvent. The system is assumed to be 
isotropic and isothermal and the solid density p is assumed to remain constant. Also, mass 
transport in the melt is limited to diffusion. 
Let x and y represent coordinates in the horizontal and vertical directions respectively and 
take the solid/melt interface to be given by y = n(x, t) with the solid occupying y > n( x, t) and 
the liquid occupying y < q( x, t) where - cc < x < cc, - cc < y < cc. (We note that the original 
formulation of Chadam and Ortoleva expresses the interface in terms of the surface S(x, y, t) = 
n( x, t) - y = 0.) The solute concentration in the melt c(x, y, t) (expressed as mass per unit 
volume) satisfies the well-known diffusion equation i.e., 
for y < 17(x, t) and t > 0 where D is the diffusivity of the solute. 
The kinematic condition at the interface is d[n( x, t) - y] = 0 which gives 
all dy aq dx _---- 
at- dt i3x dt 
or equivalently 
(2 4 
(2.3) 
where q (= idx/dt +jdy/dt) represents the velocity at the interface and n (= Gin/ax -j) 
represents a vector normal to the interface and pointing into the liquid. 
The equation representing the conservation of mass condition at the interface is 
DVc*n=(p-c)q*n 
which by the use of (2.3) can be written as 
(24 
a77 
DVc*n= -(p-c)at (2.5) 
A typical form of the normal growth (or melting) velocity 4. n/ ) n 1 is given by 
q*n/lnl=4*[c-c,,(l+Y*P)] (24 
where the surface reaction rate q*, the planar concentration ceqt and y * are nonnegative 
constants and the mean curvature j3 is given by 
P = %x/2(1 + 17:)3’2. P-7) 
If the rate q* is taken to be very large, say q* z++ 1, then the interface is maintained at 
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approximately the equilibrium concentration c = ce,(l + y */3) and with the use of this assump- 
tion the model becomes (taking D = 1 with no loss of generality): 
ac a2c d2C _- - at - ax2 + ay* ’ Y--lb, 49 -co<xx(co, t>o, 
c = cc& + r*B>, 
Vc.n = -(p - c)aq/at, : 
y=q(x, t), t>o, 
(2.8a) 
(2.8b) 
(2.8~) 
with 
+, Y, 0) = c&G Y), Y <77(x, t), (2.8d) 
cO(x, _Y) +c, as y+ -cc. (2.8e) 
One more simplification is obtained by assuming p B c. Letting u = c - ceq then also p - ceq z+ u 
and we have 
au a% a% _- - 
at - ax2 + a$ ’ Y < rlk tL 
-cQooxxo3, t>O 
U=YP, 
vusn = -K-‘av/at, 1 
Y’77(X, t>, t>O 
(2.9a) 
(2.9b) 
(2.9~) 
with 
u(x, Y, 0) = r4J(x, Y), Y <17(x, 0) (2.9d) 
24()(x, y)+u, asy+ -co (2.9e) 
where y = ceqy*, K-’ = p - ceq, zq,(x, y) = q,(x, y) - ceq, and u, = c, - c._~. 
It is noted that for the case y = 0 the problem reduces to the classic Stefan type. When y # 0 a 
higher concentration is required on the surface of a protuberance into the liquid. Thus, in the 
case of a growing solid for example, the surface tension’s flattening action mollifies the body’s 
tendency to shoot dendrites straight out to regions of higher concentration. The stability of the 
interface in this model is determined by the interplay of these two mechanisms. 
Chadam and Ortoleva performed their linear perturbation analysis on the interfacial stability 
of this model by adapting a technique used by Rubinstein [3] in his study that shows the 
standard two-phase Stefan problem to be morphologically stable under melting conditions. Their 
conclusions have already been given in the introduction. 
3. Numerical method of solution 
To solve the problem given by equation (2.9) numerically we must first decide how to deal 
with the infinities in x and y. For the former we shall assume that an original planar interface is 
perturbed by a sinusoidal disturbance and that the concentration field becomes similarly periodic 
so that we need to deal only with a domain bounded in the x direction by two successive 
extremal points (i.e. a half-wavelength). We deal with the infinity in y by employing the 
coordinate transformation 
1 
x=x, 
z= 1+7-y’ 
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The use of a mapping to obtain a suitable compression of the computational domain onto a 
rectangle or square is a standard technique for this type of problem, ex. Rasmussen and Salhani 
[31. 
Therefore, after transformation we have the following problem to solve on the unit square 
u, = u,, + P(x, z)~,, + Q(x, z)~,, + u(x, z)~,, 
O<z<l, O<x<l, t>O; (3 .la) 
u = yqx,/2(l + 115)3’2, 
11,=K[(l+~;)~z-vx%l~ I 
z= 1, t>O; 
(3.lb) 
(3.lc) 
u = u,, z=o; (3.ld) 
&JO, z, t) = 71,(0, t) = u,(L, z, t) =17,(1, t) = 0; (3.le) 
u(x, z,O)=u,(x, z); (3.lf) 
77(x, 0) = a cos 7rx; (3 .lg) 
where 
P(x, z) = z4(1+ TjZ), Q(x, z) = -2~~17x9 
u(x, z) = 2z3(1 + 17;) + z2(?j1 - Y/J. 
Equations (3.lb) and (3.1~) have been obtained by writing the mean curvature p and n of 
equations (2.9b) and (2.9~) explicitly. 
Before attempting to solve the problem the function z+,(x, z) as well as the parameters y, K 
and U, must be specified. 
We obtained solutions using both second-order and fourth-order finite difference formulae for 
the discretization of the space derivatives for a few test cases. The results were found to agree 
qualitatively and the higher-order approximations were not found to increase computing costs 
significantly. Hence we decided to use the higher-order method for all of the subsequent 
computations. 
Letting f= u and/or q where appropriate and x = 1Ax where I= 0, 1, 2,. 1 *-y max and 
z = kAz where k = 1, 2,. . . , k,, the central difference formulae with truncation error of 
0( Ax4) that we require are: 
f,, = [ fi-2 - 8.f-1+ 8fi+1 -h+21/12h (3.2a) 
f,,, = [ -h-z + 16h-, + 3Of, + 16f,+, -f/+z]/12Ax2 (3.2b) 
where 3 < I < l_._2. Formulae at I= 1, 2 and l= I,,, lmax_l are easily obtained from (3.2) by 
noting the symmetry condition about the end points. Equations similar to (3.2) apply in the 
z-direction. The other fourth-order formulae required are: 
fz, = [ - 3f, - lOf2 + 18f, - 6f4 +fs]/l2b (3.3a) 
f,,, = [lofi - l5fi - 4f3 + 14f, - 6f5 +f,]PAz’, (3.3b) 
f zkmax_, = [3&ax + lOfk,,-1 - 18ficmax-2 + 6fkmax-3 -f,max-&‘12Az~ (3.3c) 
fzz,,,,_, = [lof/cnlax - 15fknx%x-1 - 4fkmax-2 
+14f,,,-3 - 6f/cmax-4 +f~max-&‘12Az2> (3.3d) 
f rkmdx = [25f,mx - ‘@fk,,-, + 36f,,,-2 - 16f,m,-, + 3f,max-,]/12Az. (3.3e) 
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Mixed derivative formulae are obtained by replacing f by f, or f, in the above as required. 
The equation for the field concentrations (3.1) is solved iteratively using successive relaxation 
by rows. The solution algorithm along each row can be written as: 
%z,&, + M,-,.&I + ML/J, + M~+L&+I + M,+~,&~ = Wt,k, (3.4a) 
Ul,k FJ+’ = (1 - a)~$‘~ + oh,, k fixed (3.4b) 
where 0 ( w < 2. 
The Crank-Nicolson method 
N+l 
Ul,k,p+l = ‘1,k.p (3.5) 
where t =pAt, p = 0, 1, 2... and the time derivative is approximated to first order, is incorpo- 
rated into the solution scheme to advance the field in time. 
The coefficients in equation (3.4a) for the different rows are defined in the appendix. We note 
that those definitions and (3.4a) are easily modified at the beginning and end of each row by 
making use of the symmetry condition about the end points. We sweep from top to bottom and 
we note that unlike the second-order scheme, our fourth-order scheme converged quickest with 
the Gauss-Seidel value of the relaxation parameter (i.e. w = 1.0). 
The interface displacements at time t + At, r~,,~+~ are solved for by a predictor-corrector 
algorithm consisting of the following steps: 
Step 1. 
Step 2. 
Step 3. 
Step 4. 
Step 5. 
Step 6. 
We predict 
0 
VI,, + 1 = %,p+ 1 = %,p + *tQ 
0 
Ul,k,p+l = Ul,k,p+l = Ut,k,p + *%.i.p 
for2gk<k max-1, 
where qr, 
f 
and Ufi.k.p are determined from the right-hand sides of (3.1~) and (3.la) 
respective y. 
We use 7&+ 1 to calculate $,, +,, 7j” and u:knmp+l (from the right-hand side of 
(3.lb)), from U&_+I we calculate UT:::,,+, and’we dSe ?#p+l 
calculate u” 2i.k max.p+l and u,9.x.,+1. 
and U&p+l together to 
We solve for the field concentrations to obtain the first corrected values 
1 
‘l.k,p+l = ‘l,k,p+l 
= uI k p + iAt Uf,,k,p + ‘:,,.,+,] I 
for2GkGk max-1. . . 
We calculate u:,*_~~,~+, from &_+l and Uj,&,+r and hence determine nt,,+,, 
We obtain the first corrected values for the interface displacement from 
1 
%,p+I = ni,p+1 = n&p + :*t 9Qp + ll:,P+,]. [ 
We continue correction by repeating Steps 2 through 5, increasing the superscripts by 
one unit each cycle until the convergence criterion 
max I 77$2 - 17Yp+ 1 I < lop6 
is satisfied. 
We note that due to the use of the Crank-Nicolson method the algorithm has a truncation 
error of O(At* + max[Ax4, AZ”]). 
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4. One-dimensional problem 
We shall now apply the numerical procedure described in the previous section to test its ability 
to calculate the breakdown time for the case where KU, > 1. 
In this case there exists an estimate for the value of t at which the solution breaks down, see 
Baillon et al. [2]. We shall present an outline of the proof of this result and then show how an 
improved estimate can be obtained. Finally, we will present some numerical results which agree 
very well with the analytical estimates. 
In order to make it easier to compare our analysis with that in Baillon et al. we shall formulate 
the one-dimensional problem as follows: 
u, = u,,, x>R(t), t>o, 
U = 0, x=R(t), t>o, 
u=K-‘fi 
u(x, 0) =‘%)(x), 
x=R(t), t>o, 
x ’ NO), 
u(x, t) + um, x-+ 00, t>,o. 
Baillon et al. have proven the following result: 
(4.la) 
(4.lb) 
(4.lc) 
(4.ld) 
(4.le) 
Theorem. Let u and u,, satisfv the following conditions 
u,+O asx+co, %E C’[NO), 001, %(R(O)) = 0, 
ulJ(x) - u, EL’@(O), a), 
0 G q,(x) < u, and u;( < 0. 
If Ku, > 1, there exists a 0 < T < 00 such that 
lim U(t) = 00 
t-T-0 
where U(t) = uX( R( t), t). 
We shall now give an outline of the proof since this leads to an estimate of T. Define 
q(t) = L;))[uxI - u(x> t)] dx. 
Then 
4(t) = K-‘(1 - Ku,)k(t). 
It can be shown that 
O<u(x, t)<um and uXX(x, t) G 0 for x > R(t). 
Consider now the graph in Fig. 1. We approximate u(x, t) by the straight line 
y=K-%(x-R) 
which passes through x = R and has the slope 
u, = K-ll?. 
(4.2) 
P-3) 
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x 
x: R(t) 
Fig. 1. u(x, t) for fixed t. 
Hence 
q(t) >, f”=‘R[ u, - K-‘kz] dz 
so that 
q(t) >, K&‘2d. 
We now combine (4.2) and (4.4) 
(4.4) 
which can be integrated to give 
q(t)2 < q(O)2 + z&(1 -Ku&. 
Since 1 - Ku, < 0 this is impossible after 
T* = q(O)“/u&,(Ku, - 1). (4.5) 
This is the estimate obtained by Baillon et al. We shall now derive an improved estimate of T. 
At x = R(t) we can also find uXX, so that we can approximate u(x, t) for fixed t by a 
parabola. Since 
t@(t), t> = 0, 2.4, + U,k = 0 
we have 
u,=u = XX -K-‘k2 at x = R. 
The parabola which passes through x = R and satisfies (4.3) and (4.6) is 
(4.6) 
y = K-%(x -R) - 0.5K-‘k2(x - R)2. 
However, this parabola can only reach the line u = U, if 
Ku, = 0.5 
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but we are only interested in 
u, > 1. 
Hence we will modify the parabola by multiplying the second order term by a factor (Y; thus 
y = K-%(x -R) - 0.5aK-1~2(x - R)*; 
(Y will be adjusted so that the maximum value of y equals u,. Thus 
ff = (2u,K)_’ 
and y=u, at x-R= 2u,K/i. 
Since 
u(x, t)<y(x) forR(t)<x<R+2u,K/J? 
we have 
u, - K-‘kz + xz2 dz. 
4u,K2 I 
(4.7) 
Hence 
q(t) > 2Ku3. 
Combining this with (4.2) gives 
qcj < 2u;(l- Ku,) 
and thus 
This 
q*(t) < q2(0) + 4~31 - Ku,)t. 
breaks down at 
T * * = q*(O),‘4&( Ku, - 1). (4.8) 
In Table 1 we give the breakdown times estimated from the numerical solutions for different 
mesh sizes in the x-direction (in the notation of this section) and with 
ZQ(X) = u,(l - eex) and R(0) = 0. (4.9) 
We assume that breakdown has occurred when U(X, t) is no longer monotonically increasing 
from x = 0. These results were obtained with a mesh size of 0.1 in the orthogonal direction, a 
Table 1 
Numerical estimates of T 
Mesh T 
Ku, = 2.0 Ku, = 4.0 
10x10 0.2476 0.0524 
10x20 0.2292 0.0404 
10x40 0.2216 0.0364 
Extrapolated values 0.2210 0.0361 
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Table 2 
Numerical and analytical estimates of T 
Ku, Numerical estimate 
of T 
T* T** 
2.0 0.2210 1.00 0.25 
4.0 0.0361 0.25 0.0625 
time step of 0.001, and by using a flat interface with a nonzero value of the surface tension 
parameter (y = 0.1) to ensure that the interface remained flat. 
In Table 2 we compare these numerical estimates with the analytical estimates given by (4.5) 
and (4.8). These results show that our numerical procedure gives acceptable lower bounds for the 
breakdown times. The extrapolated values given are obtained by applying Richardson extrapola- 
tion to the numerical results. 
Baillon et al. also show that 
A(t) 3 0.5Kz&[q2(0) - U,(Kz4, - 1)1] -O-! 
This indicates that as t approaches T *, u(x, t) as a function of x becomes steeper near the 
front. In Fig. 2 we have plotted U(X, t) as calculated by the numerical procedure for different 
values of t with the initial conditions given by (4.9) and K = 2 and U, = 1. These plots are in 
agreement with the above theoretical results. 
1.0 
1.0 x 2.0 
Fig. 2. u(x, t) near breakdown. 
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1.0 
.5 
20 
: 
-.5 
- 1.0 
1.0 
.5 
r;: 0 
2 
Q 
- .5 
-1.0 
Fig. 3. Melting without surface tension. 
Fig. 4. Melting with surface tension. 
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5. Two-dimensional problem 
Unless stated otherwise all of the computations that were carried out in the following were run 
to t = 1 using a time step size of At = 0.0004 and with Ax = AZ = 0.05 (i.e. I max = k max = 20). 
The initial concentration field u,(x, z) in each case was obtained by applying one SOR iteration 
to the transformed Laplace equation using an input field given by u = u,(l - e’-‘/Z). This 
serves to smooth the transition between the values of the concentration on the interface and the 
field. 
The first results that we present are associated with planar melting. In this case we must have 
u, -C 0 (i.e. c, -C cW) since sustained melting will only take place if the boundary at z = 0 acts 
like a solute sink. For the investigation of melting without surface tension we chose the physical 
parameters of (3.1) as 
Y = 0, K= 0.5, u, = -0.2, a=O.Ol. (5.1) 
1.5 
1.0 
$5 
2 
X0 
4 
- .5 
- 1.0 
- 1.5 
1 x 
0.5 1.0 
t:o 
‘;"::-: 
Fig. 5. Solidification without surface tension. 
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.5 
-. 5 
- 1.0 
Fig. 6. Solidification with surface tension. 
To investigate the effect of surface tension we use (5.1) with the change y = 0.1. The results are 
shown in Figs. 3 and 4 in which Aa(x, t) = [n( x, t) - ~(0.5, t)]/a. They support the predictions 
of Chadam and Ortoleva’s linear theory that planar melting is stable with respect to small shape 
perturbations with or without surface tension. Furthermore they show that the inclusion of 
surface tension yields an increase in the flattening rate. 
For the case of planar solidification we must have u, > 0 since the boundary at z = 0 must 
now act like a solute source if solidification is to be sustained. Solutions for solidification without 
surface tension are shown in Fig. 5. The parameters of (5.1) were used with the change U, = 0.2. 
The numerical results clearly show that planar solidification without surface tension is unstable 
as predicted by Chadam and Ortoleva. 
If we now include surface tension by taking y = 0.1, we obtain the results shown in Fig. 6 
which indicate the stabilization of the interface. Again, this is in accordance with the predictions 
of Chadam and Ortoleva. 
In the last paragraph of their paper Chadam and Ortoleva state in their notation that if 
ky 111~ 0 but small, then the initial growth of the disturbance can be quite large before it 
ultimately decays. For the particular problem we consider, this means that if Kyn is small 
enough, we might first see an initial increase in the amplitude followed by a decay. 
The results for both melting and solidification with surface tension exhibit this behaviour 
slightly. In the former, the amplitude reaches a maximum of 0.02007 at t = 0.0016 and in the 
latter, a maximum of 0.02003 at the same time before decaying monotonically. We have 
performed some numerical experiments that indicate that the initial concentration field plays an 
important part in determining whether the behaviour occurs for a particular value of Kya. For 
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some combinations of these parameters and various initial concentrations the growth has been so 
large that we could not run the program long enough to see if the disturbance ultimately decays 
due to the computing cost. 
Finally, while we are not aware of any analytically derived estimates of breakdown times for 
the two-dimensional problem in the case KU, > 1 we ran the case y = 0.1, K= 2, U, = 2, 
a = 0.01. A time step of 0.0002 was necessary to obtain convergence. The numerical solution 
indicates a breakdown time of t = 0.0428 which is almost the same as the one-dimensional case 
(with 10 X 20 mesh), a result that might be expected since the initial perturbation is small. 
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Appendix 
The coefficients in equation (3.4a) for the different rows are given below. 
A.I. Row k = k,,,=_, 
MI-2,k = 1 - lOQ,,,,,+,Aq’l2AZ 
JL-l,k = - 16 + 80Q,,k,,+,Ax/12AZ, 
Ml,k = 30 + 15P,,,,,,,Ax2/Az2 - lOU,_,,,,,Ax”/AZ + 12Ax’/At, 
M Itl,k = - 16 - 80Q,,k,,,,Ax/12Az, 
M /+Z.k = 1 + 10Q,,k,,+,Ax/12Az, 
w,,, = 12u,,,,,Ax’/At 
+6Ax2 u 
I xx,.i,/, + Q/.k.pUxz,.~.p + Pi~k.pUzz, i 1’ + o;,k.~~z, 1. ] I’ 
+12Ax2 Q/.k.p+di,,i,p+, + ‘l,k,p+l ~z,.i.~+, + uLk.r+~“-;.~.,+,] 
[ 
UN 
+ 15P I,k,p+,U~k,k,p+lAx2/AZ2 - 10Ul,k,p+,Uilik,p+lA~~2/AZ 
-Q I,k.p+l [ 10U,N_2,k,p+l - 8ou;Y_l,k,p+l 
+ 80uN Itl,k,ptl - 10uN 1+2.k,p+l 11 Ax 12AZ. 
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A.2. Rows k=3 ,..., km=_2 
M I-2.k = 1, M,-l,k = -16, 
M,,k = 30 + 3op,,k,,+, Ax2/Az2 + 12Ax=/At, 
M I+l,k = - 16, M,+2,k = 1, 
w,,, = 12u,,,,,Ax=/At 
Uxx,,h,p + Q, k p”xz,.i, + p, k p%~,.~, + u, k p”z, i. ] 3 3 3 3 ., ,p 
.k,p+l UN XZ,.~.~+, + p,.,,,,l”:,.~.,,~: + ~.k.p+l”:.~.,,+,] 
+ 3OP ,,k.pilU~k,ptlAX2/AZ2. 
A.3. Row k = 2 
M,-2,k = 1 + lOQ,,,,,+,~x/l2~z, 
M,-l,k = -16 - 80Q,,k,,+,Ax,‘12Az, 
M, k = 30 + 15P,,k,,,,Ax2/Az2 + 10u,,,,,+,Ax2,‘Az + 12Ax’/At, 
M ,+l,k = - 16 + 8OQ,,,,,+,h’12~z~ 
M ,+2,k = 1 - 10Q,,,c,,+,Ax/‘=Az~ 
w,,, = 12u,,k,,Ax2/At 
+6Ax2 24 
I xx,.~.,, + &dxz,.n. + PLk&~,.,., + uLd’%.i.,,] 
+12Ax2 Q 
1 
iv 
,,k.p+l u XZ,.~.~+, + b,,k.,+di,.i,p+, + C:.k.ptlU:.A.,,+,] 
+15P,.k,p+,U~k,p+lAX2/AZ2 + 1ou,,k,p+lu~k.p+,Ax2/Az 
+ Q,,k,,+l [10u;N_2.k,p+l - 8ou,N_l,k,,+l 
+ 802.4”’ I+l.k,p+l - 10uN I+2,k,p+l 1 Ax/12Az. 
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